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1. Integration by Parts

Integration by parts is one of the fundamental techniques of integration. Unlike substitution, which
simplifies an integral by changing variables, integration by parts is designed for integrals involving the
product of two functions.
Typical examples include

/xsinxd:c, /wew dux, /xQem dux, /lnxdx.

In each of these examples the integrand is naturally viewed as the product of two functions. The
strategy is to differentiate one factor while integrating the other. If the functions are chosen wisely, the
resulting integral is simpler than the original one.

The integration by parts formula is not an isolated result. It follows directly from one of the most
important differentiation rules studied in Calculus I: the Product Rule.

1.1 Review of the Product Rule
Recall that if

then

% (f(@)g(x)) = f'(2)9(z) + f(2)g (2).

This formula tells us how to differentiate the product of two functions.
Our goal is to reverse this formula to obtain an integration formula.

1.2 Derivation of the Integration by Parts Formula
Starting with the Product Rule,

L (F@)g(a)) = F@)g(e) + F@)g' (@),

integrate both sides with respect to x.

[ 5 @) de = [ (£@gla) + f)g @) de.

Since integration and differentiation are inverse operations,

F@g@) = [ F@g@)do+ [ fg @) da.

Now solve for the second integral.
Subtract

| F@g(a) do

from both sides.
This gives

[ 1@ @) do = f@)g@) - [ @) da.

This is the integration by parts formula written using the functions f(z) and g(x).
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1.3 The Standard Notation
Instead of writing

we introduce the notation

Differentiating and integrating give

du = f'(r) dw,

v:/dv.

Substituting these expressions into the previous formula yields the familiar integration by parts formula.

/udv:uv—/vdu.

This is the form used throughout Calculus II.

and

1.4 Interpretation
The formula

/udv:uv—/vdu

shows that we exchange differentiation and integration.

Initially,

U
is differentiated,
while

dv

is integrated.
The hope is that the new integral

/ vdu
is easier than the original one.
The success of the method therefore depends on making a good choice of u and dv.

1.5 Choosing u and dv
Although there is no universal rule, experience suggests choosing

e u to be the function that becomes simpler after differentiation,
e dv to be the function that is easy to integrate.

A commonly used guideline is the LIATE Rule.
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L>I>A>T>F

where

Logarithmic functions

Inverse trigonometric functions
Algebraic functions
Trigonometric functions
Exponential functions

HHe

When choosing u, select the function that appears earliest in this list.
This rule is only a guideline; it is not a theorem. Some integrals require a different choice in order to
simplify the computation.

2. Definite Integrals

The integration by parts formula also applies to definite integrals.
Suppose we wish to evaluate

Starting from the indefinite formula,

evaluate both sides at the endpoints.
The result is

b b b
/ udv:uv|a—/ v du.
a a

Here,

uv]Z = u(b)v(b) — u(a)v(a).

Notice that the boundary term must always be evaluated before computing the remaining integral.

Remarks The definite integral version differs from the indefinite version in only one way: the
appearance of the boundary term

b

wl, .

Students often forget to evaluate this term after performing integration by parts. This is one of the
most common mistakes when solving definite integral problems.

Throughout this chapter we will use both versions of the integration by parts formula depending on
whether the integral has limits of integration.

3. Examples of Integration by Parts

The best way to learn integration by parts is through examples. In each example we shall follow the
same general procedure.

1. Identify the two factors in the integrand.
2. Choose u and dv.



Cavrcurus II

Lecture 1

3. Compute du and v.
4. Apply the integration by parts formula.
5. Simplify the resulting integral.

The most important step is selecting appropriate choices for v and dwv.

Example 1 Evaluate

I:/xsinxdaj.

Step 1. Choose u and dv
The integrand is the product of

T and sin z.

According to the LIATE guideline, algebraic functions are usually chosen as wu.

Thus,

u=x, dv =sinz dz.

Step 2. Compute du and v
Differentiate wu.

du = dx.

Integrate dv.
Since

/sinxdm = —coszx,

we have

V= —COST.

Step 3. Apply Integration by Parts

Recall the formula
/udv :uv—/vdu.

I =x(—cosx) — /(—cosm) dx.

Substituting our choices,

Simplify.
I =—xzcosx+ /cos:zdx.

Since

/Cosxd:r = sinx,
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we obtain

/xsinxdm = —xcosz +sinz + C.

Verification
Differentiate the answer.

< (—x cosz + sinx)
dx '

Using the Product Rule,

d—(—xcosx) = —cosx + rsinz,
x
d
d—(sin x) = coszx.
x

Adding these derivatives,

—cosx +xsinx + cosx = xsinx.

Therefore,

T (—xcosz +sinx) = xsinz,
x

confirming that our antiderivative is correct.

Example 2 Evaluate

I = /xexd:r.

Again, the integrand is the product of an algebraic function and an exponential function.

Choose

u=uz, dv = e* dx.
Then

du = dz, v=c¢e".

Applying integration by parts,
I =xe® — / e’ dx

=z — e +C.

Factor the exponential.

/xegcdac:ex(x—l)ﬁ—C.

Example 3 Evaluate
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1= /xcosxda:.
Choose
U=z, dv = cosx dzx.
Then
du = dx, v =sinz.

Using integration by parts,

I:azsinx—/sin$daz
=zxsinz + cosx + C.

Therefore,

/xcosxdx:xsinx—i-cosx—i-a

Remarks These three examples illustrate an important pattern.

Whenever the integrand contains

rsinx, T Ccosz, e

the algebraic function

X

is differentiated, while the trigonometric or exponential function is integrated.
Differentiating a polynomial reduces its degree, making the resulting integral simpler than the original
one. This principle extends naturally to higher degree polynomials, as we shall see in the next example

involving [ 2%e® du.

Example 4: Repeated Integration by Parts Evaluate

I= /xzex dz.

Unlike the previous examples, a single application of integration by parts does not completely evaluate
the integral. Instead, the technique must be applied repeatedly until the remaining integral can be

computed directly.

Step 1. Choose u and dv
The integrand is the product of

According to the LIATE guideline, choose

u =22 dv = e dx.

Differentiate and integrate.
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Step 2. Apply Integration by Parts

/udv:uv—/vdu,

I =2%"— /2a:em dz

Using
we obtain

= z%e® — Z/me:’: dx.

The remaining integral

/ ze® dx

is still not elementary, but it is simpler than the original integral because the degree of the polynomial
has decreased.

Step 3. Evaluate the Remaining Integral
From Example 2,

/xexdx:xex—ex—i—C.
Substitute this result.

I =2%"—2(ze® — %)+ C
= 2%e” — 2ze® 4 2¢% + C.

Factor the exponential function.

/xQemdx =e"(2? =22+ 2)+C.

Verification
Differentiate

e (x? — 2z +2).

Using the Product Rule,

% {ex(a:Q — 2+ 2)} = (22 — 22 4 2) + (22 — 2)
“(a?).

I
)

Hence,
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% {eg”(a:2 — 2z + 2)} = r2e”,

confirming the answer.

Example 5: Integrating a Logarithmic Function Evaluate

I = /hll'dl’.

At first glance this integral appears unsuitable for integration by parts, since only one function is
visible.
The key observation is that

Inz=1-Inz.

Thus the integrand is still the product of two functions.
Step 1. Choose u and dv

Choose
u=lInx, dv =dz.
Differentiate and integrate.
1
du = —dz,
x
v=2x

Step 2. Apply Integration by Parts

I:xlnx—/x(1>dx
x

:xlnx—/lda;.

Using the formula,

Since
/ ldx ==z,
we obtain
/lnxd:c =zlhhe—ax+C.
Verification
Differentiate

zlnx — x.

Using the Product Rule,

10
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d
—(zlnz) =Inz + 1,

dx
and
d
—z)=—1.
7 (=2)
Therefore,
(nz+1)—1=Inuz.
Hence,

—(zlnz —z) =Inzx.

dx

3.1 Discussion
Examples 4 and 5 illustrate two important ideas.

1. Sometimes integration by parts must be applied more than once. Each application reduces the
degree of the polynomial until the remaining integral can be evaluated directly.

2. A function that appears to stand alone, such as

Inz,

can always be rewritten as

1-lnz,

allowing integration by parts to be applied.

These techniques are used frequently in later chapters, particularly when integrating products of
algebraic, exponential, logarithmic, and inverse trigonometric functions.

4. Review of Trigonometric Identities

Before studying trigonometric integrals, we review the identities that will be used throughout this
chapter. Although these formulas were introduced in Calculus I and earlier trigonometry courses, they
play a central role in simplifying integrals involving powers and products of trigonometric functions.
Many trigonometric integrals cannot be evaluated until one or more of these identities is applied.

4.1 Pythagorean Identities
The most fundamental trigonometric identities are the Pythagorean identities.

’sin29+cos26’:1‘

‘1+tan29:sec29‘

These identities are valid for every real value of 6.

Equivalent Forms

Depending on the problem, it is often convenient to solve these identities for one of the squared
functions.

11
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From

sin® 6 + cos?6 =1,
we obtain

sin?0 =1 — cos? 0,
and

cos?f =1 —sin? 6.
Similarly,

1+ tan? 0 = sec? 0

can be rewritten as

tan? 0 = sec? 0 — 1.

These alternate forms are used constantly when evaluating trigonometric integrals.

4.2 Why These Identities Matter
Suppose we wish to evaluate

/sin3 T dr.

sin® z = sin x sin? x,

Since

we may write

2 2

sin“x =1 — cos” x.

Therefore,

3 2

sin® x = sinx(1 — cos” z),

which can now be integrated using the substitution

U = COST.

Without the identity

2 2

sin“x =1 — cos” z,
this substitution would not be possible.

4.3 Double-Angle Identities
The next identities involve angles of the form 26.

They allow products of sine and cosine to be rewritten as single trigonometric functions.

The double-angle identities are

‘ sin(260) = 2sinf cos 6.

12
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and

cos(20) = cos?  — sin? 6.

Since

sin® 6 + cos?6 =1,

the cosine double-angle formula can also be written in two additional forms.

Replacing
sin?0 =1 — cos? 6,
gives
cos(26) = 2cos® 6 — 1.
Replacing
cos’f =1 —sin’6,
gives

cos(260) = 1 — 2sin? 4.

All three formulas are equivalent.

4.4 Choosing the Appropriate Form
The appropriate version depends on the problem.

e If the integral contains powers of cosine, use
cos(26) = 2cos? 6 — 1.

 If the integral contains powers of sine, use

cos(20) = 1 — 2sin?4.

o If both sine and cosine appear, use

cos(20) = cos® § — sin? 6.

4.5 Half-Angle (Lowering Power) Identities

One of the most important applications of the double-angle identities is the derivation of the half-angle
formulas.

These formulas reduce even powers of sine and cosine to first powers of cosine.

Starting with

cos(20) = 1 — 2sin? ),

solve for

sin? 6.

13



Cavrcurus II Lecture 1

We obtain

2sin? 0 = 1 — cos(26),
S0

sin?g — L= 08(20)

2

Similarly,
from

cos(26) = 2cos® 6 — 1,
we obtain

2cos? 0 = 1 + cos(26),

and therefore

1 + cos(20)
—

cos? f =

4.6 Applications of the Half-Angle Formulas
These identities are especially useful when both sine and cosine have even powers.

For example,
/ cos? x dx

cannot be evaluated directly.
Instead,

9 1+ cos2x
cos“x = ———,

SO

1
/cos2zvdx: 5/(1+cos2x)dx

sin 2x
4

The lowering power identities convert an integral involving a square into one that can be integrated
using elementary techniques.

T
== C.
5+ -

4.7 Summary of Trigonometric Identities
For convenience, we summarize the identities introduced in this section.

14
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sin? 6 + cos?6 =1,
1+ tan’ 6 = sec? 6,
sin(26) = 2sinf cos 0,

cos(26) = cos® § — sin? 0,

sin?f — 1 —cos29’
2
cos2 ) — 1+c2052<9.

These identities form the foundation for every strategy discussed in the next section on trigonometric
integrals.

5. Review of Trigonometric Derivatives and Integrals

Before developing techniques for evaluating trigonometric integrals, it is helpful to review the basic
derivatives and antiderivatives of the six trigonometric functions.

Many of the examples in this chapter require these formulas repeatedly. A common source of mistakes
is forgetting the sign or confusing the derivatives of the reciprocal trigonometric functions.

5.1 Derivatives of the Trigonometric Functions
The six basic derivative formulas are summarized below.

%(sinx) = cos x,
—(cosz) = —sinz,
dx '
—(tanz) = sec’ z

2 (tanz) = sec’x,
—(cot z) = —csc” x,
d t i

x

L (seca) = secart
—(secx) = secx tan x
dx ’
d—(cscx) = —cscx cot x.
x

These formulas should be memorized.

5.2 Observations
Notice the following patterns.

e The derivatives of sine and cosine differ only by a negative sign.
e The derivatives of tangent and secant are positive.

e The derivatives of cotangent and cosecant are negative.

e Whenever secant is differentiated, tangent also appears.

o Whenever cosecant is differentiated, cotangent also appears.

Recognizing these patterns makes the formulas easier to remember.

15



Cavrcurus II Lecture 1

5.3 Standard Trigonometric Integrals

Since differentiation and integration are inverse operations, every derivative formula immediately
produces an integration formula.

The most frequently used antiderivatives are

/cosxdxzsinx—kC,
/sinwdwz—cosx—l—C,
/sechdx:tan:c—FC,
/CSC2$d$:—COtl‘+C,
/seca:tanxda;:secz—i-C,

/Cscxcot:nd:n: —cscx + C.

These six integrals appear repeatedly throughout this chapter.
5.4 Verification

As an illustration, consider

/ secz tan  dx.

Since

d
e (secx) = secxtanx,
x

it follows immediately that

/secxtanxdm:secx—i-C.

Similarly,

—(—cscx) = cscx cot x,

dzx

which implies

/cscazcotxdx = —cscx +C.

5.5 Integrals That Are Not Elementary
Not every trigonometric integral can be evaluated directly from the previous table.
For example,

/ sin? z dx, / cos z dx, / sin® z cos®  dx

16
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cannot be computed using only the formulas above.
Instead, we first rewrite the integrand using trigonometric identities.

This observation motivates the techniques developed in the next section.

Example Evaluate

/ secz tanx dx.

Because

—(secx) = secx tan z,

dzx

we immediately obtain

/secxtanmdajzsecx—i-C.

Next consider

/sin2 zdx.

No formula from the previous table applies directly.
Using the lowering power identity,
.9 1—cos2z
sin®x = ——,

2

we obtain

1
/siand:B: 5/(1—0052@(1:3

r sin2x
= - — C.
2 4 +

This example illustrates an important principle.

Whenever powers of sine or cosine appear, begin by asking whether a trigonometric identity

should be applied before attempting to integrate.

5.6 Transition to Trigonometric Integrals

The derivative and integral formulas reviewed in this section provide the basic building blocks for

evaluating trigonometric integrals.

The real challenge is determining how to rewrite complicated powers and products of trigonometric

functions so that these elementary formulas become applicable.

The next section develops systematic strategies for evaluating integrals such as

/ sin® z cos? z d,

/ sin? z cos® z dx,

and

17
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/ tan® z sec? z dx.

Rather than memorizing individual examples, we shall develop general rules that apply to each class of
trigonometric integrals.

6. Strategies for Products of Sine and Cosine

In the previous section we reviewed the trigonometric identities and standard integrals that will be
used throughout this chapter. We now combine those ideas into a systematic procedure for evaluating
integrals involving products of powers of sine and cosine.

Our goal is to evaluate integrals of the general form

/ sin™ x cos™ x dx,

where m and n are nonnegative integers.

Unlike substitution or integration by parts, there is no single technique that works for every choice of
m and n. Instead, the appropriate method depends entirely on whether the exponents are odd or even.
The following three cases cover every possible situation.

6.1 Case 1: The Power of Cosine is Odd
Suppose

n=2k+1,

where k is a nonnegative integer.
In other words, the exponent of cosine is odd.
Examples include

cos x, cos® z, cos® z, cos’ .

Strategy
When the cosine exponent is odd,

1. Save one factor of cosz.

2. Rewrite the remaining cosine factors using

cos?x =1 — sin?z.

3. Use the substitution

u = sin x.
Why Does This Work?
Saving one cosine is not an arbitrary trick.
The derivative of
sinx
is
cos .

18
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Therefore,

du = cos x dx,

which appears naturally after saving one cosine factor.
The remaining cosine factors can then be converted into powers of sine using

cos’x =1 —sin’z.

The resulting integral becomes an ordinary polynomial integral.
Example 1 Evaluate
/ sin? z cos® z dz.

Separate one cosine factor.

cos® x = cos® z cos .
Therefore,
/ sin® z cos® z dx = / sin® x cos® z cos x dz.
Replace
cos’x =1 —sin’z.
Then
I= /sin2 z(1 — sin® z) cos z dz.
Now let
u = sin x.
Then
du = cos x dx.
Substituting,
I:/u2(17u2)du
= /(u2 —ut) du
3 5
U U
=——-—+4C.
3 5
Finally,
.3 .5
/sin2xc083md9: = SH; L sm5 v + C.

19
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6.2 Case 2: The Power of Sine is Odd

Suppose
m =2k + 1.
The exponent of sine is odd.
Examples include
sin x, sin® x, sin® z.

Strategy
1. Save one factor of sin .

2. Rewrite the remaining sine factors using

2 2

sin“x =1 — cos” z.
3. Use
U = COS .
Why Does This Work?
Since
%(COSJ}) = —sinz,

saving one sine provides the differential needed for substitution.
The negative sign is absorbed into the substitution.

Example 2 Evaluate

/ sin® z cos? r dx.

Write
sin® z = sin® z sin z.
Replace
sinz =1 — cos® x.
Then
_ 2 4
I= /(1 — cos”x) cos” x sin x dz.
Let
U = COS I,
SO
du = —sinx dx.

20
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Hence,
I= —/(1 —u?)ut du
:—/(u4—u6)du
u ou’
=——+—+C
5 + 7 *
Therefore,
. 3 4 cos®x  cos’ x
/sm rcos” xdr = — 3 + - + C.

6.3 Case 3: Both Powers are Even
The remaining possibility is that

and

are both even.
Typical examples include

sin? z cos? x,

sin* x,

COS6 Z.

In this case there is no odd sine or cosine factor available for substitution.
Instead we use the lowering power identities

.9 1 — cos2x
sin“x = —

and

9 1+ cos2z
COS™ xr = #

These identities reduce the powers until the resulting integral can be evaluated directly.

6.4 Decision Tree
Whenever you encounter

/ sin” z cos" = dx,

use the following procedure.

21
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4

¢

Otherwise

3
Use half-angle identities.

Is the cosine exponent odd?
Yes — Save one cosine and use u = sin .
Otherwise, is the sine exponent odd?

Yes — Save one sine and use © = cos x.

Example 3: Both Powers are Even Evaluate

I = /siandm.

At first glance, none of the standard integration formulas applies.
Although we know

/sinxdaf = —cosz,

/Sin2 zdz.

there is no elementary formula for

Since the exponent of sine is even, the appropriate strategy is to use the lowering power identity.

Step 1. Apply the Half-Angle Identity
Recall

. 9 1 —cos2x
sin“r = ———
2

Substitute this identity into the integral.

I:/l—(;os2xdx

1
=35 /(1 — cos 2x) dz.

Step 2. Integrate
Distribute the integral.

1 1
I—§/1dx—§/0052xda:.

/1dm:x.

The first integral is immediate.

For the second integral, let

22
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u=2x
Then
1
du = 2dzx, dr = idu.
Therefore,
1
/cos2xdm = i/cosudu
= —sinu
2
= B sin 2x.
Substituting,
1 1/1
I= 53:— 3 (251112:1:) +C
r  sin2x
=|= - C.
2 4 +
Verification

Differentiate the answer.

i (a: _ sin 23:)
dr \ 2 4 ’
Using the Chain Rule,

= =

1
2 2

Using the identity

. 9 1 —cos2zx
sin“x = ———,
2
we recover
1 1 9
— — —cos2x = sin“ z.
2 2
Thus the antiderivative is correct.
Example 4 Evaluate
I = / cos® x dz.

Again, the exponent is even, so we use the lowering power identity.

Step 1. Rewrite the Integrand
Recall

23

1 1
(2cos2x) = 5~ 5cos 2x.
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9 1+ cos2z
cos" T = ———.

Therefore,

I:/1+6082xdx
2
1
= 5/(1 + cos2x)dx.

Step 2. Integrate
Proceed exactly as before.

1 1/1
I:m+(sin2x)+0

2 2\2

xr  sin2x
== C.

2 + 4 +

Example 5 Evaluate

I = /sinszOSdex.

Both exponents are even.
Therefore the half-angle identities must be used.

Step 1. Rewrite One Factor

Use
. 9 1 —cos2zx
sin“xr = ————,
2
and
9 1+ cos2x
cos“ = ———.
2
Then

1
sin? z cos? z = Z(l — cos2z)(1 + cos 2x)

1
= Z(l — cos? 2z).

Notice that another even power remains.
Apply the identity again.

1 4
cos? 2x = w.
2
Hence,
1 4
1—COS22:E:1—$
_ 1 — cos4dx
N 2

24
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Therefore,

1
sin? x cos® r = §(1 — cos4x).

Step 2. Integrate
Now the integral is straightforward.

1
I= g/(l — cos4z)dz
1/1
= % -3 <4sin4ﬂ:) +C.
Thus,

in4
/sin2:rcos,2xd:v _ T HnAr
8 32

+C.

6.5 Summary of Cases
The three cases for

/ sin™ x cos” z dz

are summarized below.

Situation Method
Odd cosine power | Save one cosine, u = sinx
Odd sine power Save one sine, u = cos T
Both even Use half-angle identities

These three rules completely determine the method for evaluating every integral involving only powers
of sine and cosine.

7. Strategies for Powers of Tangent and Secant

The second major class of trigonometric integrals involves powers of tangent and secant.
Our objective is to evaluate integrals of the form

/tanm x sec” x dr,

where m and n are nonnegative integers.

Unlike the sine-cosine case, the strategy depends upon whether the power of secant is even or whether
the power of tangent is odd.

These strategies arise from the two identities

1 + tan? z = sec? x,

and

d
%(tan z) = sec? %(sec x) = secrtanx.

Notice that each derivative naturally suggests an appropriate substitution.

25
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7.1 Case 1: The Power of Secant is Even

Suppose the exponent of secant is an even positive integer.
Typical examples include

sec? x, sect x, secl z.
Strategy
Proceed as follows.
1. Save one factor of
sec? z.

2. Rewrite the remaining secant factors using

sec’?z =1+ tan®x.

3. Use the substitution

u = tanzx.

Since

du = sec? z dz,
the substitution follows naturally.

Example 1 Evaluate

I = /tan3msec4md:v.

Separate one factor of

sec” &T.

I = /tan3 x sec? xsec® x dz.

Use
sec’zr =1 + tan? z.
Then
I= /tan3 (1 + tan® z) sec® xdz.
Now let
u = tanzx.
Then
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du = sec® z dx.

Therefore,
I:/u3(1+u2)du
= /(u3+u5)du
ut b
=—+4+—+4C.
4 + 6 +
Hence,
tan* tan®
/tan?’wsec4§cdx: az * + aré i + C.

7.2 Case 2: The Power of Tangent is Odd

Suppose the exponent of tangent is odd.
Examples include

tan x, tan® T, tan® z.
Strategy
When the tangent exponent is odd,
1. Save one factor
secx tan x.

2. Rewrite the remaining tangent factors using

2

tan?x = sec® x — 1.

3. Use

U = secx.

Since

du = secx tan x dz,

the substitution is immediate.

Example 2 Evaluate

I = /tan3xsecxd1:.

Write

tan® x = tan® z tan z.

27



Cavrcurus II

Lecture 1

Therefore,

Replace

Then

Let

Then

Hence,

Substituting,

7.3 Decision Tree

I = /(tan2 x)(sec x tan x)dx.

2

tan®z = sec’x — 1.

I= /(sec2 x — 1)(secz tanz)dx.

U = secx.

du = secz tanz dzx.

I:/(uz—l)du

3

U
=——-—u+C.
3
3 secd z
tan® x secx dx = —secx + C.

For integrals involving tangent and secant, use the following guide.

Is the secant exponent even?

4

Yes — Save sec?

xr, u=tanz.

Otherwise, is the tangent exponent odd?

4

Yes — Save secxtanz, u = secz.

Otherwise

4

Rewrite the integral using identities.

7.4 Comparison of the Two Main Strategies

By this point we have developed two major techniques for trigonometric integrals.
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Integral Type Primary Strategy
Odd cosine: ©w = sinx
/ sin™ z cos" z dx Odd sine: u = cosz

Both even: Half-angle identities
Even secant: v = tanx
Odd tangent: u = secx

/ tan™ x sec™ x dx

These decision rules cover the majority of trigonometric integrals encountered in Calculus II. Before
beginning any computation, first identify the form of the integrand and determine which strategy
applies.

7.5 Common Mistakes

Students frequently make the following errors.

1. Using the identity

2

tan?z = sec’x — 1

when

sec?z =1+ tan’z

would simplify the computation more naturally.

2. Forgetting to save one factor of

sec” T

or

secxrtanx.

3. Choosing the wrong substitution.

4. Attempting substitution before rewriting the integrand.

5. Forgetting that the strategy depends on the parity (odd or even) of the exponents.
8. Combining Integration Techniques
In many applications, a single integration technique is not sufficient.

Instead, several techniques must be combined in a logical order.
Typical combinations include

 algebraic simplification followed by substitution,
e trigonometric identities followed by substitution,
« substitution followed by integration by parts,
« repeated applications of integration by parts.

Before attempting a difficult integral, always ask whether the integrand can be simplified first.
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Example Evaluate
™
I:/ et sin(2t) dt.
0

Step 1. Simplify the Integrand
The expression

sin(2t)

should immediately suggest the double-angle identity

‘sin(Qt) = 2sint cost. ‘

Substituting,

s
I:/ e (2sint cost)dt
0

™
=2 / e“tsin t cos tdt.
0
The integral now contains the factor
sin t dt,
which is the derivative (up to sign) of
cost.
Step 2. Make a Substitution
Let
U = cost.
Then
du = —sintdt.
Also change the limits of integration.
When
t=0,
u=-cos0=1.
When
t=m,
u=cosm=—1
Thus,
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-1
I = —2/ ue® du

1
1

= 2/ ue® du.
1

Notice that the original trigonometric integral has now become an exponential integral.

Step 3. Apply Integration by Parts

Evaluate
/ue“ du.
Choose
Ul = u, dv = e* du.
Then
duy = du, v=e¢"
Applying integration by parts,

/ue“du = ue" — /e“du
=ue' —e"+C
=e'(u—1)+C.

Step 4. Evaluate the Definite Integral
Substituting,
I=2[e"(u—1)]',
=2 {e(O) - e_l(—Q)}
()
—2(Z
e
4
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